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INDEFINITE SCALAR CURVATURE PROBLEM 



YIHONG DU, LI MA 

Abstract. In this paper, we consider the indefinite scalar curvature 
problem on R". We propose new conditions on the prescribing scalar 
curvature function such that the scalar curvature problem on R" (simi- 
larly, on S" ) has at least one solution. The key observation in our proof 
is that we use the bifurcation method to get a large solution and then 
after establishing the Harnack inequality for solutions near the critical 
points of the prescribed scalar curvature and taking limit, we find the 
nontrivial positive solution to the indefinite scalar curvature problem. 
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1. Introduction 

In this work, we consider the indefinite scalar curvature problem both on 
5" and on i?" (n > 3). One may know that there are very few existence 
results on such a problem (see [41j for a use of the variation method). Since 
the scalar curvature problem can be reduced to that of i?", we mainly con- 
sider the problem on The problem then is equivalent to solving the 
following equation 

(1) - Au = K{x)uP, u>0 in i?", 

where p = n > 3, and X is a sign-changing smooth function on R"", 

which has isolated critical points and with 

(2) lim K{x) = K^<0. 

\x\^oo 

Other extra conditions on both the zero set of K and positive part of K, 
which shall be specified below. Roughly speaking, there three kinds of meth- 
ods are used in the study of the positive or negative scalar curvature prob- 
lems. One is the best constant method of Th.Aubin's school in the search 
of Sobolev inequalities on manifolds (see [3] and [4j ) . The second one in at- 
tacking this problem is the use of the critical point theory (see [6] and [?])■ 
The third one has been proposed by R.Schoen who prefers to use the degree 
counting method starting from a subcritical problem and this method has 
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been improved by Chang- Yang, Chen-Li, Chen-Lin, and Y.Y.Li. UnUke the 
previous studies of these problems, where the authors only have considered 
the existence problem when X is a positive/negative smooth function or an 
apriori bound for solutions when K is sign-changing (see the famous works, 
for example, [7],[15], [17], [19], [32], [49]), we use the bifurcation method to 
attack this problem and we obtain a new result. Related existence result 
about critical indefinite elliptic problems on bounded domains is considered 
in where a different assumption is used. For subcritical indefinite ellip- 
tic problems, this bifurcation point of view was taken in the previous works 
of L.Nirenberg, al et [8], and first named author [22], just named a few here. 
As it is well-known, the key step in the application of bifurcation theory 
developed by P.Rabinowitz 0^ and Crandall-Rabinowitz [21] is the apriori 
estimate for solutions. For this purpose, our analysis in [2l] will play a role 
in the study of indefinite scalar curvature problem in i?". 

We now introduce our problems. Let ^ G [0,-L]. We study the following 
equation: 

(3) - Aii = /iu K{x)uF, u > in Bl" , 

When K is positive and away from the critical points of K, we have the 
uniform bound thanks to the works of Caffarelli-Gidas-Spruck, Chang- Yang, 
Chen-Li, Chen-Lin, Y.Y.Li, and Schoen in 90's. 

Assume that G -63^ is the isolated critical point of K. To find apriori 
estimate of positive solutions to scalar curvature problem, the basic as- 
sumption for K is the (/? — l)-flatness condition as introduced by Y.Y.Li 
and Chen-Lin, where the condition says that 

(i) {n- 2- Flatness). Assume K e C"~^(i?/{(0). For any e > 0, there exists 
a neighborhood Br of such that 

\V'Kiq)\<e\VK{q)\T^^, for q e Br, 

where I = n — 2. 

If K has n — 2-flatness condition at its critical points, then the solutions 
to the scalar curvature problem ([T]) enjoy the apriori bound on the positive 
part of K (see the proof of Theorem 1.9 in [38j). It is also easy to see that 
the similar result is also true for equation ([3|). 

We make two kinds of assumptions in this article. One is the n — 2-flatness 
for K when AK{0) < 0. As we pointed out above, in this case, we have the 
apriori bound for solutions (in particular we have the Harnack inequality, 
dZl below). 

The other one is for AK{0) > 0. The assumption on K in this case is the 
following two statements (K): 

(ii) . Let = min{n - 2,4}, |if (x)c/3(ij3^) < Ci and 1/Ci < K{x) < Ci in 
B311 for some Ci > 0; 

and 

(iii) . There exist s,D > such that for any critical point x € B2R of K, 
AK > in B{x, sR) for n = 4, 5, 6 and AK > D in B{x, sR) for n > 7. 
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We shall mainly consider this case where these conditions are assumed on 
K. Assuming the possible blow up of solutions near the critical points, we 
can set up a Harnack inequality (see Theorem [8] below). 

As it is well-known that one of the key part of the scalar curvature problem 
is the Harnack estimate for positive solutions to ^ on the positive part of 
the function K. Roughly speaking, one of main part of our result is 

Main Result 1. Assume that /u > 0. Assume (ii) and (Hi). We derive 
a Harnack inequality for solutions to on B^m. If the positive scalar 
curvature function K(x) is sub-harmonic in a neighborhood of each critical 
point and the maximum of u over Bji is comparable to its maximum over 
B^R, then the Harnack type inequality can be obtained. Furthermore, assume 
fJ. > 0, then, as a consequence of Harnack estimate, we can have an uniform 
bound for positive solutions to |^ on B^^i. 

The precise statement of Harnack inequality is stated in next section. We 
point out that for the Harnack inequality to be true, we only need a weaker 
assumption than n — 2-flatness on K, however, we shall not formulate it but 
refer to [32]. 

To obtain the an apriori bound near the zero set of K, we need some 
notations. 



D^ = {x£ i?"; K{x) < 0}, D+ = {xe i?"; K{x) > 0}, K+ = max{i^(2;), 0} 



We now give the assumption 

(iv). We assume that D+ = {x £ R"';K{x) > 0} is a bounded domain 
with smooth boundary and there exist two positive constants ci, C2 such 
that near Dq = {x £ R^;K{x) = 0}, we have 



Using this assumption and the moving plan method, Lin ( see corol- 
lary 1.4 in [38]) proved that there is an apriori bound for solutions to ([T|). 
With an easy modification based on some argument in the work of Chen-Lin 
[19], we can directly extend Lin's result to our case ([3|). Since the proof is 
straightforward, we omit the detail here. We just remark that there are 
other conditions which make the apriori bound hold true for our equation 
([3]). For these, one may see the remarkable works of Chen-Li [17j and [38] • 
In [23], another condition was proposed that if further assume that there is 
a continuous function k : i)+ — > (0, oo), which is bounded away from zero 
near the boundary dD^ and a constant 



then by using the moving plane method, the first named author and S.J.Li 
[23] showed that there is a uniform L°° bound for solutions to ([3]) near the 
boundary of in R". We remark that there are also some other conditions 



< Cl < K{x) < C2. 
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which make the uniform bound to be true (pTj and [30|). The proof of Main 
Result [T] with n — 2-flatness is similar to the proof of Theorem 1.9 in [38j. 
So for this part, we omit the proof. 

To obtain the uniform bound on the negative part of the function K, we 
can use the boundary blow-up solution to get the bound. By now it is a 
standard method, one may see [24] . 

Using all these uniform bound results, we then obtain the an uniform 
apriori estimate for positive solutions to ([3]). 

Theorem 2. (I). Let /x > 0. Assume that the conditions (i-lv) are true 
for K . Then there is an uniform constant C > such that for any positive 
solution u to (3\), 

klL°°(R") < C. 

(II). Assume (i) is true at every critical point of K on its positive part, and 
assume (iv) and Q). Then we have an uniform hound for positive solutions 
to ^. 

The proof of part (II) of Theorem [2] is similar to the proof of Theorem 
1.9 in [38j. So we omit the proof. 

Actually according to the blow up analysis due to Schoen (see also |32j). 
we only need to treat the uniform bound near the critical point of K on the 
positive part of K. This will be studied by proving the Harnack inequality 
(see Theorem [1]). Using the standard elliptic theory we further know that 
for any solution u, 

W\cl{R^) ^ C", 

Using the bifurcation theory developed in [22] (see also [32j for Yamabe 
problem with Dirichlet condition), we have the main result of this paper. 

Theorem 3. Assume the conditions as in Theorem\M There is at least one 
positive solution to the scalar curvature problem ([7]). 

To prove Theorem [Sj we need to study the following problem in the large 
bah Br{0) for ;U > 

(5) - Au = fj.u + K{x)uP, u>OinBR{0), 
with the Dirichlet boundary condition 

(6) u = 0, on dBniO). 
We can show 

Theorem 4. Assume the conditions as in Theorem\^ There are two con- 
stants Fi < r such that for each ^ G (ri,r), there is at least two positive 
solutions to the prohlem with the Dirichlet boundary condition. Further- 
more, the solutions are uniformly bounded with the hound independent of 
R » 1. 

As a sharp different, we show that 
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Theorem 5. Assume the conditions (i-iv) for K are true in i?". There 
exists a positive constant t* such that for each r € (0,r*), (0j in i?" has a 
minimal positive solution Ur and at least another positive solution , which 
is not in the order interval [0, Mt], and there is no positive solution when 
T > T* . Moreover, Un < for < ti < T2 < t* and there is a uniform 
constant C depending only on r and K such that for each r G (0,t*) and 
for any positive solution u to ^ in R"', we have 

Hx)\ < C, for X G R"". 

Furthermore, the bound is independent of t > if x is outside of a large 
ball. 

One may see [33j for the existence resuh of the scalar curvature problem 
with nontrivial Dirichlet boundary condition. 

Here is the plan of the paper. In the first part of this paper, we prove the 
existence results based on the apriori estimate. Then we prove the apriori 
estimate on the non-positive part of the scalar curvature K in section [3l In 
section IH we obtain apriori estimate based on Harnack inequality on the 
positive part of the scalar curvature K. The main apriori estimate is the 
Harnack inequality (Theorem [T]) , whose proof is contained in the remaining 
sections. In the proof of Theorem [H we shall use the some arguments from 
Chen-Lin [2Qj and Li-Zhang [34j (see also |53j). 

2. Proofs of Theorem [3] and others assuming the apriori bound 

In this section, we give the proof of Theorem [3] according to the bifurcation 
method used in [22] (see also [8], [10] and [25] for related problems). In 
particular, we recall the following result in [8]. 

Theorem 6. For any p > 1 and any continuous function m on the clo- 
sure of the bounded smooth domain 0, of R^ , if (f) denotes the eigenfunction 
associated with fii, which is the principal eigenvalue of the operator 

—A -|- m(x) 

on ^} with the zero Dirichlet boundary condition, andK{x) takes both positive 
and negative values, the following assertion holds. If i) f^K{x)(j)^^^{x)dx < 
0, then there exists t* = t*(J7) > fii such that problem 

(7) — Au + (m(x) — t)u = K{x)vF , in $7, 

with the zero Dirichlet boundary condition or zero Newmann boundary con- 
dition, has a solution for every r S [/zi,r*), while no solution exists for 
T > T* . Conversely, condition i) is also a necessary condition for existence 
of solutions. 

We remark that the existence part of the proof is obtained by a con- 
strained minimization method and the necessary part is derived from a gen- 
eralized Picone identity. For our case where m(x) = 0, = -Bij,(0) for large 
i? > 1, and p = the condition (i) can be easily verified. 
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In fact, let 0i(x) be the first eigenvalue of —A on the unit ball -Bi(O), we 
have </>_r(x) = 4>i{x/R) and jjLR = ^ii/R^ on Br. Then 

K{x)<p''^\x)dx = R^ [ K{Ry)Myr^'dy 

Br JBiiO) 



R^{[ + [ )KiRy)cf>l 

-'Br^/R J Bi-Br,,/r 



Note that K{Ry) < -A < y e Bi - Br^/r and \K{Ry)\ < B in Bi, 
hence we have 



Bi—Br^^/r J Bi—Br^^r J Bi 



Kix)<P^+^ < -A I ^ -A I < 

J Bi—Br^^/r 

and 



Using this we have 



[ K{Ry)ct>1+' ^ 0, i? ^ 

[ K{x)(l)^j^^{x)dx < 
Jbr 



oo, 



for large R > 0. 

Actually we can extend their result when p = and when the large 
ball Bf( is contained in Q in the following way. 

Theorem 7. Assume the conditions (i-iv) for K are true in Q.. For each 
T € (/Ui,r*), (il) ^ has a minimal positive solution Ur^n in the sense that 
any positive solution u to ^ satisfies u > u^.n in ^/ (i2) there is a uniform 
constant depending only on R and K such that 

\u{x)\ < C, for X G 

for any positive solution to ^ in Q; (iS) moreover when = Br and setting 
= t*{Br) and Ur^R = Ut,Br, we have 

Tr < T*, r < R 

and 

UTj_,r < Ur2,R, (Tl,r) < {t2,R) 

Proof, (il) and (13) can be proved in the same way as in [22]. Assume that 
u is any positive solution to ([Tj) in O. To prove (12), we note that by the 
results obtained in [24|, |23j . and [32], u is uniformly bounded away from 
the critical points of K in the positive part of K. However, near the critical 
point of K in positive part of K, we have the Harnack inequality (see the 
coming sections). Since u has a uniform lower bound given by ecj) on 0, we 
have the uniform bound for u. 

□ 
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Using Theorem [71 we can prove Theorem [5l We remark that in the case 
of Theorem m all the positive solutions have the behavior at infinity: 

lim u{x) = -Koo/iJi, 

>oo 

and with this and our Harnack inequality [T7] (see below) , we know that all 
solutions to dni) are uniformly bounded. The proof of this result is omitted 
here since the proof of the existence part is in [22] . 
We are now in the position to prove Theorem [3l 

Proof. Take a fixed < ri < r* and sequence < Tj ^ with the solution 
sequence Uj = u^^ . We then define 

u{x) = lim Uj{x). 

We want to show that u is a non-trivial smooth positive solution to (eql) 
with n = 0. According to our choice of Uj, we have a bounded sequence of 
point Zj such that 

Assume that limj^oo Zj = z* . we can assume that 



1 

2' 

Using the standard Harnack inequality we have a uniform ball Br such that 

1 

"b7"~' ~ 200' 



Uj{Zj) > -Ur^{z*). 



min Uj > Uri{z*). 



Then using the Harnack inequality in Theorem [51 in section [3 again, we have 
Uj is uniformly bounded in the whole space. Using the elliptic theory, we 
have a convergent subsequence, still denoted by Uj. Hence the limit u is 
a positive bounded solution to ^ on i?" with ^ = 0. This completes the 
proof of Theorem [3l □ 



3. APRIORI BOUND ON NON-POSITIVE PART 

Fix 6 > 0. On the domain {x G K'^,K{x) < —6}, one can see easily that 
for small R > 0, the boundary blow up function 

is a super-solution to ^ in the ball Bu{xq). Hence, we obtain the uniform 
bound for all solutions on this part. 

On the domain {x £ R^,\K{x)\ < 5}, one can use the moving plane 
method and blow up trick to get the uniform bound for all solutions on this 
part too. For more detail, one may refer |18jor [38j to the proof. 
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4. APRIORI BOUND ON POSITIVE PART BASED ON HARNACK INEQUALITY 

AND POHOZAEV IDENTITY 

In this section, we firstly recall the general blow up trick often used in 
the study of scalar curvature problem on bounded smooth domains. Then 
we show the uniform bound for solutions to ([3]). 

For fix ?/ € i?", we define 

v{x) = Vy{x) = t^2~u{tx + y), 

which satisfies that 

-At! = Ar^M + K{tx + 

Fix R > 0. Consider f{x) = {R — \x\)u^^^. Assume not. Then there are 
a sequence of solutions {uj} and a sequence {xj} {\xj \ < 1) such that 

fj{xj) = {R — \xj\)uj{xj)^^"' = max(i? — IxD^j^"^ > j — > oo, 
which implies that 

Uj{xj) oo. 

Let Xj = Uj{xj)~^/"-. Let 

Vj{x) = Uj{Xj)~^Uj{Xj + XjX). 

Note that for |x| < R/2, we have 

u{x) < 2'^''uj{xj). 
The corresponding domain for < 2^" contains the ball 

{z;\z\<f,{xj)}^R^. 
Using the standard elliptic theory we know that 

vj^v, cUr^ 

where V is the standard bubble. 

With the help of Harnack inequality (see (jl7p in next section), we can 
show that any blow up point is isolated blow up point, which is also a 
critical point of K, and furthermore, using Schoen's trick and n — 2-flatness 
condition for K, the isolated blow up point is in fact a simple blow up point. 
Then with the help of Pohozaev formula, we show that any positive solution 
to dSj) is uniformly bounded (see i32j or [19j). 

By now the argument for uniform bound of solutions is standard so we 
only sketch its proof. Assume that Theorem [2] is not true. Then using the 
result in previous section, we know that there is a bounded, convex smooth 
domain 0, C Z)+ such that Theorem [2] is true outside Q. Therefore, there 
exists a sequence of solutions uj such that 

maxtio — > oo, as oo. 

Define 

S := {g G rj; 3xj € 0, s.t. Uj{xj) oo and Xj q}, 
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which is the set of blow-up points of {uj}. Using Schoen's selection method, 
we can choose xj (where xj q) as the local maximum point of uj so 
that the assumption for the Harnack inequality is true in an uniform ball 
Bsniq) (otherwise, we can use another blow up sequence of solutions). Using 
the Harnack inequality in the ball Bji(q) we know that the energy of Uj is 
uniformly bounded (see page 975 in [H]), hence, S is a finite set. Denote by 

S = {qi,...,qrr,}. 

We remark that using the Pohozaev identity we know that qk's are the 
critical points of the function K. Anyway, we can choose o' < \ minfc^; \qk — 
qi\ such that Uj is uniformly bounded in the domain ilg- = — ^T=i^o-iQk) 
where Qi is any bounded convex bounded domain containing some q^- Then 
using the n-2 flatness condition as in the same argument in the proof of 
Theorem 1.9 in [38], we can complete the proof. 

This shows that u is uniformly bounded in 0,. Hence u is uniformly 
bounded in the whole space R^. 

5. Harnack inequality 

We shall outline the blow up argument and the Pohozaev formula to get 
the uniform bound for solutions to ([3]). 

Let C i?" be a bounded smooth domain. Assume that X is a positive 
bounded smooth function on 0,. Let /i = fij, K(x) = Kj{x), and u = uj 
satisfy 

(8) - Au = fiu + Kix)uP, n > in Q C i?", 

Let xo = be a blow up point of {uj}. The point is called a simple 
blow up point if there are a constant c and a sequence of local maximum 
point Xj of Uj such that 

(9) = lim Xj, 
and 

(10) + x) < cUx^{x), for \x\ < tq, 

2 

where tq > is independent of j, Xj = Uj{xj) "-2 tends to zero as j ^ 00 
and 

(11) Ux{x) = {^^^2)"^ 
Note that 

(12) AUx + n{n - 2)U^ = 0, in R". 

It is easy to see that for the simple blow up point we have 

(13) Uj{xj + x) < cuj{xj)^^\x\'^~"' , for \x\ < ro, 
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Using + \x\^ > 2|x|A, we have 

2 — 71 

(14) Ux{x) < (2[x|) — . 

With these observations, we say that xq = is a isolated blow up point of 
{uj} if 

2 — n 

(15) Uj{xj + x) < c\x\^~ , for\x\<rQ, 

Using a scahng, we know that the spherical Harnack inequahty holds for 
each r G (0, rg). That is, there exists a unform constant C > such that 

max Uj{x) < C min Uj{x). 

\x—Xj\=r \x—Xj\=r 

We shall show the following crucial estimate 

Theorem 8. Assume that K satisfies the condition as in Main result [II 
and there exists a constant C2 > such that 

(16) max u > C2 max u 

\x\<R \x\<3R 

Then we have the following Harnack inequality that 

(17) max u min u < CR^~"- 

\x\<R \x\<2R 

for some uniform constant C > 0. 

The estimate above is important since it implies that any blow up point 
is isolated blow up point as wanted. It also follows from it that the uniform 
energy finite property for the solution in the ball Bji. To apply our Harnack 
inequality (jl7p near an isolated critical point of K, which is assumed to 
be a blow up point of a sequence of solutions {uj}, we need to verify the 
assumption (jl6|) . Actually, this can be done by move the center of local 
maximum point of Uj. In fact, assume that Uj{yj) — > cxd as yj 0. We 
find a ball Bsr{0). Take Uj{zj) = max^^^^Q^ Uj{x). Then zj —i- 0. We define 
Uj{x) = Uj{zj + x) and then Uj satisfies our assumption (fT6|) in the ball B2R. 
We can apply the Harnack inequality to Uj. 

Assume pT|) is not true. Then we have Rj — > and solutions Uj corre- 
sponding to the data {fj.j, Kj{x)) such that 

max Uj min Uj > jR^~^. 

\x\<Rj \x\>2Rj ■' 

Let yj : \yj\ < Rj be such that 

UjiVj) = max Uj. 

\x\<Rj 

n — 2 

Assume that y = lim yj . Let Mj = uj {yj ) and tj = M- ^ . Then it is easy 
to see that Mj — > 00. Let 

Vj{x) = Vy^{x) 

be the blow up sequence for {uj). Then we have a subsequence, still denoted 
by Vj, which is convergent to the standard bubble U{x) in nay large ball in 
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ii" and for any e > 0, there exists a constant rj = r/(e) such that on an 
unform size of r it holds 

min Vj < (1 + e)U{r). 

\x\<r 

(This can be shown by arguing by contradiction again). 

Following the moving sphere method used by Li-Zhang [M] (see also Chen 
-Lin [H]), we can claim that y is the critical point of K[x) = limj Kj{x). 

Now we let Pj = \VKj{yj)\. Then we have Pj — > 0. Again following 
the moving sphere method used by Li-Zhang, we can show that there is a 
positive constant C > such that 

Py^'-'^ < Cr,. 

With all these preparation, we can further show as in Li-Zhang [M] (see 
also Chen-lin [20J) that the Harnack inequality (|17p is true. 

It is easy to see that the Harnack inequality p7p implies that there is a 
uniform constant C{R) > such that 

|V'"lL2(Bfl) + klL2"/("-2){Bii) ^ 

The importance of the Harnack estimate is that it implies that the blow 
up points for Uj are isolated and finite in the ball Bji. 

Using the flatness condition for K, we can follow Schoen's localization 
trick (using the Pohozaev identity) to show that u is uniformly bounded in 
Br. 

6. On the proof of Harnack inequality 

We shall argue by contradiction. Without loss of generality, we assume 
that R = 1 and set B = Bi. Then we have a sequence [uj) satisfying Q on 
i?3 with K and /i replaced by Kj and /Uj G [0, L] such that 

(18) maxuominn, > j. 

Let yj be the maximum point of Uj on Bi. Consider u{x) = Uj{^x + yj) 
on the ball B in Lemma [T71 and a = (n — 2)/2. Then we find a maximum 
point Xj of the function 

n(x)(l - |x|)" 
such that for crj = ^ — \xj — yj\ < 1/2, 

(19) Ujixj) > 2~" max Uj 

B{xj,aj/2) 

and 

(20) a]u,{xj) > 2''uj{yj). 
The last inequality implies that Uj{xj) > Uj{yj). Let 

Xj = ^jixjfl^aj 



12 YIHONG DU, LI MA 

and 

Mj=Uj{xj). 
Then by ^ and ^ we have 

We let 

vj{y) = Mr%{xj + MJ^'^'y), \y\ < m]'" ^ cx). 
By dhect computation, Uj satisfies that 

-Au = fijM-^^^u + Kj{y)uP, \y\ < m]'\ 
Note that Vj{^) = 1 and by ([H) 

max < 2"t!j(0) = 2". 

Applying the standard elliptic theory, we may assume that 

V, ^ in CUR^ 

where v satisfies 

-Av = limKj{xj)vP, in RJ" . 
j 

Using the classification theorem of Caffarelli et al. [13], we know that v is 
radially symmetric about some point xq, which is the only maximum point 
of V, and v{y) decays like near 00. With the help of the data of v, we 

may assume that yj is the local maximum point of Vj such that 

Xq = lim{yj - Xj)My"'. 
3 ■' 

Then we can re-define Vj at the center yj. This is the localization blow up 
trick of R.Schoen. 

Again, without loss of generality, we assume that lim^ Kj{xj) = n{n — 2). 
Then we have 

U{y) = {l + \y\^r\ 
Recall that, for the Kelvin transformation 

y^y^ = \^y/\y\^, 

we have 

u\y) = (^)"-2n(y^), 

\y\ 

we have 

(21) Au\y) = {^r+^Au{y^). 

\y\ 

Note that by direct computation, we have 

(22) C/(r)-;7^(r) = (l-A)(l--)0(r2-"), r = |y| > A. 

r 
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Note that on one hand, B{yj,^) C B2 and 



-Auj > 0, 

and by the maximum principle, we have min^^ Vj is monotone non-increasing 
in r. 



On the other hand, by p8|) . we have 

min Uj > minu,-. 



Then (|T8|) gives us that 



min Vj{y)\y\^ ^ — > 00. 



Hence, we can choose — > such that 



and 



min Vj(y)|yr ^ ^ 



We now use the Kelvin transformation 

where A G [.5, 2], to the function Vj. 
Let 

vf{y) := i^^r-\(y^). 
Using the formula (f2TI) . we compute that Vj satisfies 

-Av = ^^-^A ^ + + M-'^''y^)vP, \y\ > 0(M-^/'^).) 

Let i«A = ■Wj — Vj. Then we have 
(23) 



A 

Lx{vj)wx := Awx+fijM-^^^{l- — )wx+Kj{y,+M7^^%)P{vjf/-wx = Qx, 
where Sa := 5(0, T,) - Bx, 

and 

Qx = -{Kj{x, + MT^'^y) - Kjixj + M-^'''y^)wP. 
Note that in Sa, we have 

(24) Qx = 0(M-'/V'i-"). 

This fact will be used later. 
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We want to use two ways to get a contradiction. One is to show that for 
any e > 0, there exists a 60 = (5o(e) such that the inequahty 

(25) minvjiy) < {l + e)U{r) 

\y\<r 

holds for < r < 6oTj. Once ([25|) is estabhshed, we get a contradiction by 
our assumption ([18|). In fact, 

iS "^'^^^ - iS^e, "^-(^^ - JIfep - 

and 

which is absurd to (j25p . We shah see that by using the companion function, 
we can obtain the following result. 

Proposition 9. For any e > 0, there exists a 60 = 5o{e) such that the 
inequality 

(26) mmvjiy) <{l + e)r'^-'' 

\y\=r 

holds for r£ {X,6oMf^^). 

For dimension n > 5 we have 
Proposition 10. Assume that n > 5 and assume that 

max u > C max u 

B B2 

for some uniform constant C > 0. For any e > 0, there exists a 5o = (5o(e) 
such that the inequality 

(27) minuj(y) < (1 + e)C/(r) 

\y\<r 

holds for r < SoUf"^). 

The case when n = 4 will be treated separately. With these preparation, 
we can proceed the proof by the other one method, which is the following. 
Note that from ([2T]) . we have U{r) — U'^{r) > for r > A and A < 1, and 
U{r) — U^{r) < for r > A and A > 1. This is a very important fact for 
us to get a contradiction by moving sphere method. In fact, we shall show 
that the approximation Vj — Vj>0 (of U{r) — U^{r)) on Sa for some A > 1 
(which is very near to 1 ) to get a contradiction. Life will be too simple if 
this can be easily obtained. However, to obtain this, we shall construct a 
companion function hx such that 

(28) hx = 0. on dBx 
and 

(29) hx{x) = o(l)r2-, on Sa. 
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In other word, hx is a smah perturbation. 

Firstly, we consider the boundary condition. By (I29p we have that 

(30) wx + hx> 0, on d^x - dBx 
We want to show 

wx + hxy 0, on Sa. 
Hence, to use the maximum principle trick, we need to know that 

Lx{wx + hx) < 0, in Sa 

This requires a subtle construction of hx- One remark is that we actually 
only require 

Lx{wx + hx)<0 

on the part where wx + hx < 0. Note that on the region where Vj > 2Vj, we 
clearly have wx + hx > 0. Let 

n{\) = {y-v,{y)<2vf{y)}. 

We want to construct hx such that 

(31) Lxhx + Qx < 0, in 0(A). 

This will be done in the next section. 

Secondly, we consider the initial step to use the moving sphere method. 
From (|28ll29p and because of wxq >> 1 for Aq < 1 near to 1, we know that 

(32) wxo + hxo > 0, in Sa^ 

for Aq < 1 but near to 1. So the first step for us to use moving sphere 
method is done. 

Once we start the moving sphere method, we can not stop until (j3ip can 
not be held. Anyway, we have hx such that (j20p is true for all A near to 1. 
Then we can use the maximum principle to get that 

-"^Ai + /iAi > 

for some Ai > 1, which gives us a contradiction as we wanted. Therefore, 
(fTTl) is true for general case. 

To end this section, let's prove the Harnack inequality (|17p in dimension 
three. 

Note that the estimate (j27p gives a contradiction to our assumption (jlSp 
when n = 3. However, it is weaker when n > 4. As a warm-up, we now 
prove Proposition [9l 

Proof. Assume that (|27p is not true. Then there exist a constant eo > and 
a sequence 6j ^ of positive numbers such that for some rj < SjM'j /a? , 

(33) min t;,(y) > (l + eo)r2-". 

It/I — r' ■ 
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We shall use the moving method in the domain = B{0,rj) — B\. Since 
Vj — > ?7 in Cf^^{R^), we must have rj — > oo. Let a € (2,n) and define, for 

r = \y\> A, 

1 \n—a 

9{r) = 9a{r) = riA^"" - r^"] - [r^-^ - A^-]. 

(2 — a) (n — a) (n — 2)(n — a) 

Note that, for r > A, 

g{X)=g'{X)=0, 

and 

-C{n,a) < g{r) < 0. 

The function g satisfies 

Ag = — r~", in \y\ > A. 
Using (|24p . for large constant Q > and for 

h = QUJ^'^g = o(l)r2-" < 0, in Sa, 

and 

Lx{vj){wx + h)= 0(Mri/\-i-") + A/i + 

which is 

< 0(Mr^/V-^-") + A/i< 0, in Sa. 

Using the fact that for \y\ = rj and for As [1 — ei, 1 + ei] with some small 
ei, wa + > 0, we can use the maximum principle to get that 

w\ + h > in Tj\. 

This is contradiction to the fact that 

wx + h K. Vj - ^ U{r) - U^{r) < 0, for r > A > 1 

in CL(^")- Hence <^ is true. □ 

As we pointed out before, in dimension three, Proposition [9] implies the 
Harnack estimate, which was firstly obtained by Schoen when ^ = 0. The 
argument above is a good lesson for other dimensions. Anyway, we have 

Theorem 11. For n = 3 and any positive C^{B3) function K, the Harnack 
inequality ( [i7[ j is true for solutions to 

We should say here that with suitable assumption on the set of critical 
points of -fC, we can use Pohozaev identity trick to show the uniform bound 
on the solution set to ([3]). Since this case is routine, we just state the result 
below. 

Theorem 12. For n = 3, £ [0,L], and any positive C'^{B'i) function K 
with < Cl < K < C2 < 00, \K\(ji(^^^^ < C2, and at the critical point 
X G B2, /S.K{x) / 0. Then there is a uniform constant C such that for any 
solution to (0j on B^, we have 

\u\c'\B) < C. 
i.e., the uniform bound on the solution set to 
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7. The construction of h\ 
Observe that in Ti\, we have the expansion 



i=l |o=i 

where we have used the estimate fj" (y) = 0(|?/p~"). Note that suing the 
convergence property 

and so v'^ is close to U'^^ we can write it as 
Again, we shall write the above expansion as 



with 

gi = Mri/'^((^)2-i)(c/^)f J^e,, 

(34) 



^ kJ/ 

+ i5]afc,A',(x,)(ei-l/n)), 



A: 

k k 

^y^ + ^) kl/ kl/^m 
Q4 = M-'/'^AK,(x,)r2((^)4 - l)(C/A)P, 
(35) 

i=l j=l \a\=i 

where 6^ {k = 1, ...,n) are the first eigenfunctions of Laplacian operator Ag 
on the sphere S^~^ corresponding to the eigenvalue n — 1. Note that by 
our assumption on K, we have < 0. This interesting property is firstly 
observed by L.Zhang [53]. Note also that the linear operator L\{U) satisfies 
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the assumption of Proposition 1191 We now define, according to Proposition 
[19] for i = 1,2,3, the functions hi satisfying 

Lx{U)hi = Qi, in T,x 

with the boundary condition and the behavior 

(36) hi\9B,=0; \hiiy)\=o{iy-^, in^x- 

Let's now give more precise description about hi. By using Proposition 
[20] in appendix B and the fact that 

-A.^fc = {n- l)0fc, 

we have 

(37) h^ = M-^'" dkKj{y,)ekh{r). 

k 

From the estimate for i in Proposition [20] we have 

(38) \h,{y)\ < Co|Vir,(y,)|Mri/V2-n(i _ ^ < ^ < ^^.^ 

Clearly hi satisfies ([36]) . 
Similarly we have 

h^iy) = Mr^/'hir)C£dkiK,iy,)9,9i + ^Y,dkkK,{x,){el - 1/n)) 

kl/ k 

and 

hsiy) = Mf'[h{r)[\Y.^lK,{y,){el - -^9,) 

k 

+\Y.9kkiKj{yj){0l9i--^9i)+ durr.K,{y,)9u9i9m)) 

k k^ly^m 

^ ^ k ^ ' kl/ 

Using the estimates for /2, /s, fi in Proposition 1201 we have 

(39) \h2{y)\ < Co|VK,(y,)|M-'/V-"(l - ^), A < r < T, 
and 



(40) My)\ < Co\VK,{yj)\Mj - '-), A < r < Tj. 

Hence, /i2 and /13 satisfies ([36p as wanted. 
Let 

W3 = wx- hi - h2 - /la- 
Then we have, in ^(A), 

3 

Lx{vj)w3 = Q4 + Q5 + Y1 ^6,* + 0(Mf |y|2-") 

i=l 



A. 
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where 

(41) Q,,i = K,{{y,))P{v}f/'^ - Kj{y, + MT^'''y)P{v,fl-hi. 

By this, it is now quite clear that L\{vj)w3 has very small positive part. To 
control this small positive part, we need to construct a non-positive function 
e\ such that Ae\ can control it, which will done in next section. Then, using 
e\ non-positive, we have 

Lx{vj)ex < Aex 

which implies that 

Lx{vj){w3 + ex) < Lxivj)w3 + Aex < 0. 

Hence, we can use the maximum principle to + ex and then the moving 
plane method gives us the contradiction wanted provided hi. i = 1,2,3 can 
be neglected, which will be the purpose below and will be studied case by 
case. 

We now follow the argument in Lemma 3.2 of [20] to show 

Proposition 13. There exist 5 > and C > independent of i such that 

Vj{y) < CU{y), for \y\ < dM]'^^""'^ := 5Nj. 

Proof. Let Gj{y,rj) be the Green function of the Laplacian operator in the 
ball Bj = {rj; |ry| < Nj} with zero boundary value. For any e > 0, let 6i > 
be chosen as in Proposition [9j Then for 6 « 6i small enough (independent 
of j ) we have 

for \y\ = 6iNj and ri\ < 6Nj. 

Take Zj such that \zj\ = diNj and 

Vji^j) = , Vj{y). 
\y\<SNj 

Then by Proposition [9l we have 

(1 + e){6iNjf-"' > vj{z,) > I Gj{zj,7]){f,vj + KjvP)dr^ 

JBj 

which is bigger than 

g(l - 26) f 
where C is a dimension constant. Then we have 



/ vUri<C{l + Ae). 
J\v\<SN. 



\v\<SNj 

Using Vj — > [/ in Cf^^{R'^), we may choose R > large such that 



/ v^dT] < Ce. 

jR<\ri\<6Ni 
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Since Vj{y) < 2, we have 

/ v^f-'^'^/'dv < Ce. 

JR<\ri\<5Nj 

Hence we use the standard elhptic Harnack inequaHty ([29] and [31]) to get 
a uniform constant c such that 

max Vj < C min Vj 

\y\=r \y\=r 

for r £ [2R,6Nj/2]. Using Proposition [9l we have 
(42) Vj{y) < CU{y) 

for 2R < \y\ < 5Nj/2. Note that (|42]) is clearly true for \y\ < 2R. Hence we 
complete the proof of Proposition [I3l □ 

We want to compare Vj and U . Let Wj = Vj — U. Then we have the 
equation 
(43) 

Awj+HjM. ^'"wj+Kjiyj+M^ ^'''y)P{vjf'''wx = -f^jM^ ^^''U+{nin-2)-Kj{M. ^^"y+y^pP 
where 

Using the Pohozaev identity (see Proposition [18] in appendix A) and the 
argument of Lemma 3.3 in [20], we have, for some 6i < 5, 



\y\ < d^M-yi'"""^ 

Then we use the standard elliptic estimates to find 



(44) max Ivjiy) - U(y)\ < CAL \y\ < diM- 

y ■' ■' 



(45) cjj := \v,{y) - U{y)\c2^Bs) < CM^ ''"^ 

7.1. Completion of the proof of Theorem [8] when n = 4, 5 and some 
remarks. In this subsection we prove Theorem [8] when n = 4. Since some 
estimates here will be used in higher dimension, we allow n > 4 until the 
end of the proof. 

Proof. ( of Theorem [8] when n = 4) 
Write 



and define 
Then we have 

Since 
we have 



Wi = wx — hi. 
L{vj)Wi = 0(Mr^/'^V-") + Q5_i + Qe^i. 
Vj{<d) = C/(0) = 1, Vuj(O) = VC/(0) = 0, 
\vj{y) - U{y)\ < Caj\y\^, in B3. 
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Hence we have 

\v]{y) - U\{y)\ < Ca,|yr", for \y\ > A. 
Using the mean value theorem in Calculus we have 

vf{yr-UXiyr = OiaM'^-n 

which is 

0(M-^/'^|yr^-), |y| > A. 

Using the expression of Q5 i , we have 
(46) 

|Q5,il < C\VK,{y,)\Mr'/''a,\yr^-^ < Mr^/V.lyr^-" < M-'/^lyp^-", |y| > A. 
Similarly, using the estimate for hi, we have 

IQe.il < CM7^^\-^, in n{X). 

Hence we have 

L{vj)Wi < CMr^^^r-^, in n{X). 
Introduce h = QM- '^^°'f3{r) for large Q > 0. Then we have 

L{vj){Wi + h) < 0, inn{X). 

Note that 

h = o(l)r2-" in Sa. 
So, we can use moving plane method to move to some A > 1 with 

Wi + h>0, in 0(A) 

which gives us a contradiction when n = 4. Hence, when n = 4, Theorem [S] 
has been proved. 

□ 

We now give some important remarks. From the proof above, we 
have actually proved the following 

Proposition 14. Assume n > 5. For e > 0, there is a 6(e) such that for 

imn.Vj{y) < {l + e)U{y). 

\y\=r 

In fact, assume not. Then there exist eo > 0, a sequence 5j — > 0, and a 
sequence rj < SjM^"" such that 

min Vj{y) > (1 + eo)r2-". 

\y\=rj 

Let 

SA = 5(0,rj)-^A. 
Then as in the argument above we have 

L{vj){Wi + h) < 0, inn{X). 

Again, using the moving plane method to get the contradiction. 
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So Proposition[Tl]has been proved. Using the same argument as in Lemma 
3.2 in [20j with our assumption ()16p and the standard eUiptic estimate |29j . 
we have 

Proposition 15. Assume n > 5. For some constant 82 > such that 
Vj{y) < CU{y), \y\ < SiM]''"' 

and 

\Vv,{y\)<C\y\^-^, \y\<52M]'''\ 

We let 

Assume that \VKj{yj)\ ^ for large some large j. For any e G S*"""^, we 

let 

Vj{y) = Vj{y + e) 

and 

Kjiy) = K,{M7'/''{y + e)+yj). 

We choose e a unit vector such that the vector defined by (i|y|<i ^kKj {yj)ykVj (y)^^^) 
(which is non-zero) is lower bounded by C\VKj{yj) \ for some uniform C > 0. 
We now use the Pohozaev identity ()63p in the ball \y\ < Lj and get 



I 



(VK ■y)vjiyr+^ = 0{M: 

y\<Lj 



where the right side consists of boundary terms and lower order terms. Using 
the definition of Kj{y), we have 

\y\<Lj 

= M;'/" [ {VK,{MT"\y + e) + y,) ■ y)v,{yY+^ 
J\y\<Lj 

= Mr'/" [ (VK.iy,) ■ y)v,iyr+' + Q{Mf") 
J\y\<Lj 

> C\VKjiyj)\M7^/'' + +0(M-'/"). 

Hence, we have 

(47) |VK,(y,)l <CM-^/^ 

Going back to the equation (H3]) . we see that the right side of ([I3l) is 
bounded by 

0(Mr2/-) ^ ^^^^ _ 2) _ Kj{M-'^-y + y^)uP, 
and using the second order Taylor's expansion, 

Kj{M~'/''y + y,)UP = -V kK,{yj)M-^'''ykUP + mj^'lM^'^- 
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Then the equation (I43p is of the form 

with the conditions 

wj{o) = o = \\/w,m. 

Using this equation and the bound 

\w,{y)\<CU{y), \y\<L„ 
we may follow the argument of Lemma 3.3 in [20j to obtain that 

(48) max\v,{y)-U{y)\<CM7^/'', |y|L,. 

y ■' 

Hence, we have 

(49) < CMj'^'" and \v^{y) - U^{y)\ < CMr^/^"". 
Using this improvement, we show that 

Proposition 16. For n > 6 and some constant 5^ > 0, it holds 

(50) v,iy)<CiU{y), \y\ < S^MT^/^^''"^ 
Proof. Note that for n > 5, we have 

Qx = Qi + Q2 + Q3 + o(M-^/%i-"). 

Let 

W2 = w\ - hi - /l2. 
Using < 0, we obtain that 



(51) L{vj)W2 < Q5,i + Yl (Se,. + 0(M. 



-3/a l-„A 



1=1 



Using ()47p and (09]) we can improve the bound in (j46p into 

(52) \Q,,i\<CM-'%\-'-^, \y\>X. 
Using (|19|) we bound 

(53) |Q5,2| < CM-'/''\yWvfr " < CM'^/'^lyr^-", |y| > A. 
We now consider the bounds for Q6, 1 and Q6,2- Write 

K,{y,)Pivff/- - K,{M7'/''y + y,)P{v,)-^/'^ 

= {K,{y,)-K,{M;'/''y+y,))P{v^f/^+K,{M-'/^^^^ 
Using dUD 

{K,{y,) - K,{M-"^y + y,))P{vjf'' = 0{M-'%\-') 
Note that for r < Lj, we have 

Pivj)-^/" = Piv^f/" + 0(M"^/") 
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and then 

For r > Lj and in ^(A), we have 

P{vj)-^/^ = Pivff/" + 0(r2-") 

and then 

K,iy,)P{vff/- - K,{M7'/''y + y,)P{v,)-^/'^ = mj^'^W^) + 0(r--'), 
which can be further estimated by 

\K,{y,)P{v]fl'^ - K,{MT^'''y + y,)P{v,fh < Oir^^) 

where we have used the fact that r < o(l)Mj^^". Then using l\38h we have, 
in ri(A) with r > Lj, 

(54) |Q6,il<0(M-'/V-'-") 
and in 0,{X) with r < Lj, 

(55) IQe.il <0(Mr^/V-4)_ 

Using (I39p and (??) we have in r2(A) with r > Lj, 

(56) 1^6,21 <0(Mr2/V-2-") 

and in i7(A) with r < Lj, 

(57) |g6,2|<0(Mr^/V-4)_ 

By 0(Mr2/"r-2-«) = 0(M~^/"r-4) for r > Lj, and (I5l])-(l53]),(l54])-(l57]) we 
have, in ri(A), 

(58) L{vj)W2 < 0{M-^^\^-'') + 0(M-^/''r-4). 

Again we can follow the argument of Lemma 3.3 in [20j to obtain (jSOp as 
wanted. □ 

Proof. ( of Theorem [8] when n = 5) The idea is the same as the proof of 
Theorem [8] when n = 4. For large constant Q > 1, we let 

h = QM-^'''h. 

Using ([58]) we have, in r2(A), 

L{vj){W2 + h) <f). 

Using the moving plane method again we get a contradiction. So the proof 
of Theorem [8] when n = 5 is done. □ 
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7.2. Completion of the proof of Theorem [8] when n = 6. In this 
subsection, we assume that n > 6. Recall that 

3 

Qx = Qi + Q2 + Qz + Qa + Y. Q5,^ + 0(Aff 

i=l 

and in rj(A), 

3 

■t=l 

We need to bound Q^^^ and (56,3- Using the definition of Qs^s in ([35]) and 
the bound (j49p we have 

(59) |Q5,3| = OiM-'/\-'-^) 
Similarly, we have by (??) and (??) that for r < Lj, 

(60) Q6,3 = o(Mr5/V-3) 

and for r > Lj, 

(61) Q6,3 = 0(Mr3/v-i-"). 
Note that for r > Lj, 

0(M-'/V-2-") = 0(M-^/%-^). 
Using dm-dni]) we obtain in ri(A), that 

Lxivj)w3 = 0(M-^/V-^). 
For large constant Q > 1 and n = 6, we let 

h = QM-^'''h. 

Note that for r G (A,T,), 

h = o{l). 

Using the expressions above we have, in 1^(A), 

L[vj){w3 + h) < 0. 

Using the moving plane method again we get a contradiction. So the proof 
of Theorem [8] when n = 6 is done. 
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7.3. Completion of the proof of Theorem [8] when n > 7. Assume that 
n > 7 in this subsection. By assumption on K, we have 

Q4<T^Mr^/V(^-i)(c/Y. 



J' 

4 



Then by using ()59p - (j6ip . we obtain that in r2(A) with r > L 
and in ri(A) with r < Lj, 



Hence, since r < ejMy"", we have 

Lx{vj)w-i < 

for r > |A. Note that in J7(A) with A < r < frac32X, we have 

Lxiv,)w3 < 0(M-^/V-4), 

whose positive part need to be controlled. To do this, we let fx satisfy 

-A/ = 1, in B2X - Bx 

with the boundary condition that / = on dB\ IJ dB2x- Note that there is 
a constant C > such that 

\fx\<C{l--), in B2x-Bx. 
r 

We extend fx smoothly so that /a = outside B-^x- 
For large constant Q > 1, we let 



Then we have 



h = QM-'^^fx. 



-Ah = QM. in B2X - Bx. 



We now choose Q >> 1 such that 

Ah + 0(Mr^/''r-^/2 < 0, in B2X - Bx- 

Since 

< C7M-^/'^(l - -), in B2x-Bx, 
J J. 

we have, in ^7(17), 

\K,{MT^'''y + y,)P{v,f'^h\ < ^Mf\\^—^){U'r, 
which leads us to 

L{vj){w3 + h) < 0, n{X). 

Using the moving plane method as before we get a contradiction. So the 
proof of Theorem [8] when n > 7 is done. 
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We remark that our construction above is similar to that of Li-Zhang 
[34] (see also [53]). Since the appearance of the extra term jj^u, we need to 
check out all the detail worked out here. 

8. APPENDIX A 

Let B = Bi{0) be the unit ball. 

Lemma 17. Let < n G C^{B). Let < 4>{r) < 1 be a function in C°[0, 1] 
be a decreasing monotone function with Then there exists a point 

X ^ B such that 

"(")^0(r3^^.S"' ^ ^(13^"^°)' 

where a = {1 — \x\)/2 < 1/2. In particular, for our equation (0) we take 
(f){r) = (1 — r)" for a = ^^2' '^^ have 

2''u{x) > maxu, (2afu(x) > u(0), 

Proof. Let v{y) = 4){\y\)u{ii) . Since v > Q \n B and = on dB, we have 
X ^ B such that v{x) = max^ v > 0. Note that we have a = (1 — |a;|)/2 and 
a < 1/2. Then we have 

v(x) = (hil — 2a)u(x) > max v 

and 

> (bier) max u > (h{\ — a) max u. 

B^{x) ' B^{x) 

Similarly, we have 

ct){l - 2a)u{x) > v{0) = 0(0)^(0). 

For the special case when 0(r) = (1 — r)", we have i;^>(0) = 1, — a) = a"" 
and 0(|x|) = (/>(! - 2a) = (2cj)". □ 

Let's recall the important Pohozaev formulae for the solutions to ([3]) in 
the ball Bpt- 

Proposition 18. Let v = x/R and 

(62) B{R, X, u, Vu) = —ud^u - ^| Vup + R\d^u\'^. 

Then we have the first Pohozaev identity: 
(63) 

/ B{R,x,u,Vu) = fi [ u"-^ ! Ru^+^^ [ {x-VK)uP+' ^/ Ku^+K 

We also have the second Pohozaev identity 

(64) / VKuP+^=[ [{p + l){^u^u + VuVnuU-^-^iy) + KuP+^u] 
JBn JoBr 2 2 

By now the proof of above Proposition is standard, so we omit its proof. 
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9. APPENDIX B 

Assume that n > 3. Let A > 2,b, B,a > and 7 € [0, n — 2] be fixed 
constants. Assume that the difFerentiable functions V and H satisfying, for 
rG[l,A], 

(65) -a"^ (1 + r)-2-" < V{r) < n{n + 2)U{rf'' + hr''^ 

(66) |F'(r)| < 

(67) < H{r) < Br^-"", 
and 

(68) \H'{r)\ < Br^'-''-\ 
Then, as in [34|, we have 

Proposition 19. There exists a unique solution f = f{r) to the problem 

f" + + {V{r) - = -H{r), l<r<A, 

with the boundary condition 

/(l) = = /(^). 

Moreover, for r G (1,^), 

< /(r) < 

and 

|/'(r)| < CrT+i-" 
where C > depends only on n,a,B,'j, and a. 

Since the proof is similar to [34j, we omit the detail. We use Proposition 
[19] to prove 

Proposition 20. For each i = 1,2,3, there exists a unique radial solu- 
tion fi to the problem 

A/ + (1 - + K,{y,)P{U)y^ - '^'^y^h f = " m'f 

where X < r <Tj with the boundary condition 

/(A) = = /(T,). 
Moreover for i = 1,2, we have 

(69) < /(r) < Co(l - -)r2-", A < r < T,- 

r 

and for i = 3, where Cq is a dimension constant. Similarly there exists a 
unique f^ satisfying 

A/ + (1 - + K,{y,)p{uf/'^ - ^^^)/ = - m'r. 
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where X < r <Tj with the boundary condition 

/(A) = = /(T,). 
For f/i, we have the same hound ^69\l . 
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